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Covariance estimation

Theorem

Let X1, . . .Xn ∈ Rd denote IID draws from a mean-zero

sub-gaussian(σ2) distribution. Let Σ̂ =
∑
i

XiX
T
i /n. Then we have, for

n = Ω(log(1/δ)),

P

(
∥Σ̂− Σ∥ ≥ Cσ2

(√
log(1/δ)

n
+

√
d

n
+

d

n

))
≤ δ
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Step 1 - discretization

• Let Sd−1 = {u ∈ Rd |∥u∥ = 1}

• Consider an ϵ cover N of Sd−1

• Let M = Σ̂− Σ

• Recall that ∥M∥ = sup
u∈Sd−1

|uTMu|

• Assume that this is achievable at u∗.

• Write u∗ = u + r where u ∈ N is such that ∥r∥ ≤ ϵ

∥M∥ ≤ |uTMu|+ 2∥r∥∥M∥+ 2∥r∥2∥M∥

|uTMu| ≥ ∥M∥(1− 2ϵ− ϵ2)

• Set ϵ = 1/4 to get

|uTMu| ≥ ∥M∥/4
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Step 2 - fixed unit vector

• How big is P(|uTMu| ≥ t)

• If Yi ∼ subexp(ν, b) then
∑
i

Yi is subexp(ν
√
n, b)

•
∑
i

Yi/n ∼ subexp(ν/
√
n, b/n)

• Note that

uTMu =
∑
i

(
(uTXi )

2 − E [(uTX1)
2]
)

︸ ︷︷ ︸
subexp(c1σ

2,c2σ
2)

/n

∼ subexp(c1σ
2/

√
n, c2σ

2/n)
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Step 2 cont.

P(∥M∥ ≥ t)

≤ P(|uTMu| ≥ t/4)

≤

exp
(
−c ′1nt

2/σ4
)

If t ≤ c ′′σ2

exp
(
−c ′2nt/σ

2
)

o.w.
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Putting things together

P(∥M∥ ≥ t) ≤ P(|uTMu| ≥ t/4) ≤ 9d

exp
(
−c ′1nt

2/σ4
)

If t ≤ c ′′σ2

exp
(
−c ′2nt/σ

2
)

o.w.

• Setting the error probabilities to δ, we have:

• t = Cσ2(
√

log(1/δ)/n +
√

d/n + d/n)

• When d = o(n), we have concentration.
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PCA

• Find v̂1 := max
u∈Sd−1

uT Σ̂u

• Let v1 := max
u∈Sd−1

uTΣu

• Let λ1, λ2 be the top two eigenvalues of Σ

Theorem (Davis Kahan - simplified)

| sin(v̂1, v1)| ≤ c
∥Σ̂− Σ∥
λ1 − λ2

Theorem (Weyl’s inequality - corollary )

Let λ̂i , i = 1, . . . ,min(d , n) denote the eigenvalues of Σ̂.

max
i

|λ̂i − λi | ≤ ∥Σ̂− Σ∥
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High dimensional setting

• d/n → γ

Figure 1: Courtesy: PCA in High Dimensions: An orientation, Johnstone

and Paul
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The Marcenko-Pastur Law

• Consider the simple case of Σ = I

• Consider the empirical distribution Fd (x) :=
∑
i

1(λ̂i ≤ x)/d

• When d/n → γ, Fd (x) → F (x) a.s. where

f (x) =
1

2πγx

√
(b+ − x)(x − b−)1(x ∈ [b−, b+])

where b+ = (1 +
√
γ)2 and b− = (1−√

γ)2.

8



Figure 2: Courtesy: Wikipedia - λ = γ
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Covariance matrices with structure

• Σ is sparse

• Goal: estimate Σ

• Given some threshold λ > 0, define the thresholding operator

Tλ(x) = x1(|x | > λ)

• Tλ(M) for matrix M is another matrix with the same dimensions

that applies the above operator entrywise.
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Thresholding based covariance estimation

Theorem

Consider X1, . . . ,Xn IID mean zero random vectors with common

covariance Σ, and Xij ∼ subgaussian(σ2). Let n ≥ log d . Then for δ > 0,

the thresholding operator with tn/σ
2 = 8

√
log d/n + δ satisfies:

P
(
∥Ttn (Σ̂)− Σ∥ ≥ 2∥A∥tn

)
≤ 8 exp(−nmin(δ, δ2)/16)

, where Aij = 1(Σij ̸= 0).

• If A is sparse (i.e. Σ is sparse) such that it has at most s nonzero

entries per row, then ∥A∥ ≤ s.

• Setting δ =
√

log d/n, gives:

P
(
∥Ttn (Σ̂)− Σ∥ ≥ c1s

√
log d/n

)
≤ 8 exp(−nmin(δ, δ2)/16)
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Proof - step 1

• Let c = max
ij

|Σ̂ij − Σij |.

• Let Eij = |Tc (Σ̂)(i , j)− Σij |

• Note that

Eij

≤ 2c If Aij = 1

= 0 If Aij = 0

• Thus, elementwise, we have:

Eij ≤ 2cAij
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Proof - Step 2

Theorem

Consider two symmetric non-negative square matrices A,B ∈ Rn such

that Bij ≤ Aij . We have ∥B∥ ≤ ∥A∥.

Proof.

• For any integer m ≥ 1, Bm(i , j) ≤ Am(i , j)

• Thus ∥Bm∥F ≤ ∥Am∥F for all m ≥ 1

• Let the eigenvalues values of A be |σ1| ≥ · · · ≥ |σn|

• Similarly, the eigenvalues of B are |ν1| ≥ · · · ≥ |νn|

• Also, ∥A∥2F =
∑
i

σ2i , so ∥Am∥F = (
∑
i

σ2mi )1/2

• Now take m → ∞ and use ∥v∥∞ ≤ ∥v∥m ≤ n1/m∥v∥∞
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Step 3

• Let M = Σ̂− Σ

• We have for all k = ℓ, X2
ik ∼ subexponential(c1σ

2, c2σ
2)

• We have for all k, Mkk ∼ subexponential(c1σ
2/n, c2σ

2/n)

•

P(|Mii | ≥ t) ≤

2 exp(−cnt2/2σ4) If t ≤ cσ2

2 exp(−c ′nt/σ2) o.w.

• Another way to say this is:

P(|Mii |/σ
2 ≥ t) ≤ 2 exp(−cnmin(t, t2))
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Off diagonal terms

• We have for all k ̸= ℓ, Σ̂kℓ =
1

n

n∑
i=1

XikXiℓ

• 2XikXiℓ = (Xik + Xiℓ)
2 − X2

ik − X2
iℓ

• Xik + Xiℓ ∼ subgaussian(2σ)

• Can we remember how to do this?

• Warmup with subGaussian RVs.

Lemma

X1, . . .X2 are subGaussian(σ1), subgaussian(σ2) RVs. We have:

X1 + X2 ∼ subgaussian(σ1 + σ2)

• E(exp(t
∑
i

Xi ) ≤
√

E exp(2tX1)E exp(2tX2) ≤ exp(t2(σ21 + σ22))

• So this is subexponential(
√

2(σ21 + σ22))
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Off diagonal terms

• Instead of Cauchy-Schwartz, use Holder with 1/p + 1/q = 1:

E [|XY |] ≤
(
E [|X |p ]

)1/p (
E [|Y |q ]

)1/q
E(exp(t(X1 + X2)) ≤ (E exp(ptX1))

1/p (E exp(qtX2))
1/q

≤ exp((pt2σ21 + qt2σ22)/2)

• Optimize over p to get p = (σ1 + σ2)/σ1

E(exp(t(X1 + X2)) ≤ exp(t2(σ1 + σ2)
2/2) ∼ subgaussian((σ1 + σ2))
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• We have for all k ̸= ℓ, Σ̂kℓ =
1

n

n∑
i=1

XikXiℓ

• 2XikXiℓ = (Xik + Xiℓ)
2 − X2

ik − X2
iℓ

• Xik + Xiℓ ∼ subgaussian(2σ)

• (Xik + Xiℓ)
2 ∼ subexponential(c ′1σ

2, c ′2σ
2)

• So Σ̂kℓ =
1

n

n∑
i=1

XikXiℓ =
1

n

∑
i

(Xik + Xiℓ)
2 − X2

ik − X2
jk

2

• So

2Mkℓ =
1

n

n∑
i=1

(
(Xik + Xiℓ)

2 − (Σkk +Σℓℓ + 2Σkℓ)
)
−Mkk −Mkℓ ∼

subexponential(d1σ
2/n, d2σ

2/n)
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Putting everything together

• For simplicity take σ = 1.

• P(max
k,ℓ

|Mkℓ| ≥ t) ≤ d2 exp(−cnmin(t2, t))

• For tn = c1
√

log d/n + δ, since n ≥ log d , the exponent is of the form

−c ′nmin(log d/n,
√

log d/n)− nc ′′min(δ, δ2).

• Just pick the constant c1 to be large enough to cancel out the 2 log d

coming from the exponent.
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