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Rademacher complexity of function classes

Example

Suppose F is a class parametric functions F := {f(0,.) : 6 € By}, where
By is the unit Ly ball in RY. Assume that F is closed under negation. f
is L Lipschitz w.r.t. the Euclidean distance on ©, i.e.

176, = (¢, ) < L6~ ¢l

Rn(F) =0 <L,/d '°gn(L”)>

e How do we do this?

e Using covering numbers. But we need to define a bunch of stuff first.



A Stochastic Process

e Consider a set 7 C RrY.

The family of random variables {Xy : 6 € T} define a Stochastic
process indexed by 7.

We are often interested in the behavior of this process given its
dependence on the structure of the set 7.

In the other direction, we want to know the structure of 7 given the
behavior of this process.



Gaussian and Rademacher processes

Definition
A canonical Gaussian process is indexed by 7 is defined as:

Gy = (2,0) = Y 20y,
K

where zj e N(0,1). The supremum G(T) := Ez[sup Gp] is the Gaussian
0T

complexity of T.



Rademacher complexity

e Replacing the iid standard normal variables by iid Rademacher
random variables gives a Rademacher process {Ry,0 € T}, where

Ry := (e, 0) = Zekﬁk, where ¢ |J\€i Uniform{—1,1}
k

o R(T):= EE[QSEPF Ry] is called the Rademacher complexity of T.



How does this relate to the former notions of Rademacher com-

plexity?

e Recall that
Ry = EJ sup |Z€ f(X |]—E[E[sup |Ze FX)IX1, .- Xl
fe

e Now the inner expectation can be upper bounded by

Ec sup Ze i0;, where T C R" can be written as
0cTU-T

T = {(F(X1),- .., F(Xn))|f € F}



Relationship

Theorem

For T € ]Rd,

R(T) < \/>g c\/log dR(T

e This is showing that there can be there are some sets where the
Gaussian complexity can be substantially larger than the
Rademacher complexity.

o We will in fact give an example.



Proof (of first inequality)



Proof (of second inequality)

Theorem (Ledoux-Talagrand contraction (simple form))
Consider n 1-Lipschitz functions ¢;.

E sup €j0;(0;) < E sup €;0;
ee’rz,-: S ee’rz,-: o



Proof (of second inequality)

Proof.

G(T) = E sup z;0; —Esu z

_EzEE HSUP HZHOQZGI ” || 0,’|Z]_,...7Zn

= Ez | ||z||ooEe sup Ze,Hl zi| 0ilz1, ..., zn

< Ez sup ||z]|oo Ec €;0;
0T Z o

i

Last step follows from the contraction argument. O



Proof of Ledoux-Talagrand contraction

Proof.

n—1
E sup Y €oi(0;) = Ee sup (Z €0i(0;) + €n¢n(9n)>

0T i =1l
——
hn(0)

= E ,_1Eensup(hp—1(0) + €endn(0n))
61 6
=Epr (; <up(fn1(0) + n(0n) + 50l 1(6) - ¢n(en>)>

5 (hn-3(6") + 9n(03)) +  (ha19) — én(n) )

-1

(3t
-+ (500
(3t

E

) 4 hp_1(B) + 6n(05) — qsn(én))

E

'—‘:
I\.)\l—l |\)\n—n

—1

6

) 4 hp_1(B)) + (0} —én))
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Proof of Ledoux-Talagrand contraction

Proof.

n—1
Esup > e;¢i(0;) = Eesup [ > €;¢i(0;) + engn(6n)
0eT 5 o i=1
—_——
hn(6)

< 1 (016" + oy )+ (55~ )
1

= E gt (5 (n-2(0%) + 508) + 5 (ho-2(6) — 570) )

ne
€1

1 1
<E (2 Sl;p(hn—l(e) + s6n) + ) s‘;p(hn—l(e) - 59”))

en—
1

< Eenfl Ecp <5Up(hn1(9) + 6n0”)>
1 0



Example

Consider the L; ball in RY denoted by Bf.

R(Bf) = 1,G(B{) < /2logd

d
o R(BY)=E[ sup > Oiej] = Elllefoc] =1
o<1

e Similarly, Q(Bf) = Ef||z[|c]
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Recall the finite class lemma?

Theorem

Consider z with independent standard normal components.

E max < z,a >< max ||a||\/2log|A|
acA acA

e In our case, A= {e;,i €[d]}, e;(j) =+1( =), |A| = 2d and
max ||a|| = 1.
acA

e This gives a weaker bound on the Gaussian complexity.
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A sub-gaussian process

Definition
A stochastic process § — Xy with indexing set T is sub-Gaussian w.r.t a
metric dy if V0,60’ € T and X € R,

2 /\2
E exp(A(Xg — Xé)) < exp (W)

e This immediately implies the following tail bound.

2

t
P(IXy — Xo| > 1) <2 L
o =Xyl 2 ) < exp( 2dx(é’,6”)2>
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Upper bound by 1 step discretization

Theorem

(1-step discretization bound). Let {Xy,0 € T} be a zero-mean sub-

Gaussian process with respect to the metric dy. Then for any 6 >0 ,
we have

E |: sup (Xg _XQI)
0,0/cT

<2E sup  (Xp — Xgr)| +2D4/log N(6; T, dx),
0,0'eT

dx (6,6')<6

where D := max dx(0,0").
0,0'c®

e The mean zero condition gives us:

E[sup Xp] = E[sup (Xg — Xy, )] < E[ sup (X — Xp/)]
0eT 0eT 0.0/'eT
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Tradeoff

E| sup (Xp—Xy)| <2E sup  (Xp — Xgr)| +4 \/D2 log N(6; T, dx)
0,0/cT 0.0'eT
dx (0,0/)<6 Estimation error

Approximation error

e As § — 0, the cover becomes more refined, and so the approximation
error decays to zero.

e But the estimation error grows.

e In practice the § can be chosen to achieve the optimal trade-off
between two terms.
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e Choose a 6 cover T.

o For 0,0 € T, let 61,0% € T such that dx(6,6%) < & and
dx (0',6%) < 5.

Xo — Xgr = (Xg — X01) + (X91 - X92) + (X92 = Xyr)
<2 sup (Xg—Xg)+ sup (X — X))

) 0 0
0,0'eT ol oieT
dx (0,0)<6

e But note that Xp1 — Xg2 ~ Subgaussian(dx(91,02))..
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Finite class lemma for subgaussian processes

Theorem
Consider Xy sub-gaussian w.r.t d on T and A is a set of pairs from T.

E max (Xp— Xy) < Dy/2loglA,
A

(0,0"e

where D := max dx(6,6).
o x(0,0°)

)
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Finite class lemma

exp (AE max (Xp — XG’)> < Eexp ()\ max (Xy — Xe’)>

(0,0)eA (0,0")eA
= (e,rg/a)éA E exp(A(Xg — X))
2 /\2
S Y o <>\ dX(20,9) )
(0,0")eA

212
- s (72

e Now optimize over .
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Finishing the proof

E

Xy — Xg/ <2 sup (XH - Xgl) + _sup (Xgl - X92)
0.0'cT 0l 0jeT
dx (6,6")<5
sup (Xg — Xgl):| <2E sup (Xg — X@/) +E sup (Xgl - X92)
0.60'cT 0.0'cT 0l oicT
_dX(ez‘gl)S(S J
<2E sup  (Xp — Xy)| + Dy/2log N(6; T, dx)?
0,0eT
Ldx (6,6")<5 i
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Revisiting: smoothly parametrized class

Example

Suppose F is a class parametric functions F := {f(6,.) : 0 € By}, where
By is the unit Ly ball in R?. Assume that F is closed under negation. f
is L Lipschitz w.r.t. the Euclidean distance on ©, i.e.

1£(6,.) = F(6/,.)] < L] — 0[]

Rn(F) = O <L\/d '°gn(L")>
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Denote f(6, X{') as the vector (f(0,X1), ..., (0, Xn)).

=E

Recall that nRn(F) = E |:sup (e, £(8, X{")) sup (¢, (6, X{'))
feF 0e©

The process (0, X{") — (e, f(0, X{')) =: Yy is mean zero subgaussian.

Note that Yy — Yé ~ Subgaussian(dx (0,0"))
We have:

dx (0,0")% = ||F(0, X{") — £/, X{)|1? < nL?|j0 — 0'|3

e Soitis Ly/n Lipschitz.

i)



e Also,

nRn(F) = E[su%(Yg =Yyl < E[g ijpe(Yg = Yyl
S

nRn(F)<2E  sup (Yy-— Yé)—|—2D\/Iog N(3; F(©,XD), dx)
dx (0,6/)<6
0,0'co

A

vil2=1

e D =supdy(0,0') =2L/n
0,0/

° AgéE[ sup (e,v)] <6v/n

23



d
o NG F.dx) < NG/LVAO. L) < (14 447
e Finally,
45 dlog(1+ L\/n/d)
Rn(F) < T AL R
e Setting § =1 gives:
4L dlog(1+ Ly/n)

<
Rn(]-‘)_ﬁ+4L -
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Examples:Nonparametric functions

Example

Suppose F is a class of L Lipschitz functions which are supported on
[0,1] and f(0) = 0. Note that F is closed under negation. f is L
Lipschitz i.e. |f(x) — f(x')] < L|x — x| vx,x" € [0,1].

Rn(F) = O (2)1/3
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Examples:Nonparametric functions

o Consider the process f(X{) — (¢, f(X{)) = Yf
o Y- Yy~ subGaussian(||F(X{") — £ (X{")Il2)
So dy (f, ') = IF(X]") = F'(X{)l2 < \fllf— Flloo

e The diameter is D = sup  dx(f,f)<2Lyn
f.f/eF(X])

So, N(6, F(XT), [I1l2) < N(S/v/n. F, [|-ll0)

nRn(F) < E[ sup Y¢]<E[ sup (Yr — Yf/)]
feF(X{) f.f'eF(X]")

§2E[ sup - (Yf— Yf/)} +2D+/log N(8, F, ||.]l2)

dy (f,F)<5
<2E [ sup (Yfo/):| +2Dy/log N(6/+/n, F,||.||c0)
dy (£,F1)<6

< 26v/n+4Ly/n(Ly/n) /6

< 20v/n+4L3/2\/n3/2/5

o Set 63/2 = 13254 e 5= 'L/ to get Rp = O(n71/3)
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