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Recall the Markov trick?

• Consider X1, . . .Xn ∈ R mean zero subGaussian random variables.

• E [exp(λX1)] ≤ exp(λ2σ2/2)

•

P(
∑
i

Xi ≥ t) ≤ exp(−tλ)E exp(λ
∑
i

Xi )

≤ exp(−tλ) exp(nλ2σ2/2)

≤ inf
λ≥0

exp(−tλ) exp(nλ2σ2/2)
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What if Xi were vectors

• What is a subGaussian vector?

• X ∈ Rd is subGaussian(σ) if aTX is subGaussian(σ) for all unit

vector a ∈ Rd

• Prove that - given X1, . . .Xn ∼ N(µ,Σ),

P

(
∥X̄n − µ∥ ≥

√
Trace(Σ)

n
+ c

√
∥Σ∥ log(1/δ)

n

)
≤ δ
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How will you prove this?

• X̄n − µ ∼ N(0,Σ/n)

• So we can worry about ∥Σ1/2
n Z∥, where Σn = Σ/n and Z ∼ N(0, In).

• f (z) = ∥Az∥ - is it Lipschitz?

• Lipschitz: ∥f (z)− f (u)∥ ≤ ∥A(z − u)∥ ≤ ∥A∥op∥z − u∥

• So yes,lipshitz with L = ∥A∥op
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Recall Gaussian concentration?

Theorem

If f (Z) is a convex L− Lipschitz function of independent Gaussians

Z ∼ N(0, In) then,

P(|f (z)− E [f (z)]| ≥ t) ≤ 2 exp(−Ct2/L2)

• Apply to f (Z) = ∥Σ1/2
n Z∥ with L = ∥Σn∥1/2

P(∥X̄n − µ∥ ≥ E∥X̄n − µ∥+ t)

= P(f (Z) ≥ E [f (Z)] + C ′L
√

log(1/δ)) ≤ δ

• Now

E

√
ZTΣnZ ≤

√
E [ZTΣnZ ] =

√
E [Trace(ZTΣnZ)] ≤

√
trace(Σn)
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Gaussian conc revisited

• Ef (Z) ≤
√

E [f (Z)] =

√
E [Trace(zTΣnz)] ≤

√
trace(Σn)

• Putting everything together

P(f (Z) ≥
√

trace(Σn) + C ′L
√

log(1/δ)) ≤ δ

P(f (Z) ≥
√

trace(Σ)/n + C ′
√

∥Σ∥op/n
√

log(1/δ)) ≤ δ
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How about matrices?

• Let X1, . . .Xn be d × d symmetric independent mean zero matrices.

• We are interested in the quantity:

P(∥
∑
i

Xi∥ ≥ t)

• First lets talk about the matrix exp(A) where A is symmetric d × d

matrix.

• exp(A) is also a symmetric matrix with eigenvalues exp(λi (A))

• What are the main shifts from scalars to matrices?
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From scalar to matrices

• A, B commute when AB = BA.

• exp(A+ B) = exp(A) exp(B) when A,B are scalars.

• For matrices, only true when A and B commute.

• Furthermore, Tr(exp(A+ B)) is not equal to Tr(exp(A) exp(B)) when

A,B don’t commute.

• However, the celebrated Goldman-Thompson theorem says that:

Tr(exp(A+ B)) ≤ Tr(exp(A) exp(B))

• Naive generalization to three matrices does not work.
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Simple trace inequalities

• Von Neumann’s trace identity:

• Let A, B denote n × n matrices with singular values

σi (A), σi (B), i ∈ [n].

Tr(AB) ≤
∑
i

σi (A)σi (B) ≤ ∥B∥
∑
i

σi (A)

• If A,B are symmetric PSD,

Tr(AB) ≤ ∥B∥Trace(A)
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How about matrices?

• Let X1, . . .Xn be d × d symmetric independent mean zero matrices.

• We are interested in the quantity:

P(∥
∑
i

Xi∥ ≥ t)

• First lets talk about the matrix exp(A) where A is symmetric d × d

matrix.

• exp(A) is also a symmetric matrix with eigenvalues exp(λi (A))

• Let Sn =
∑
i

Xi and so

P(∃i ∈ [d ], λi (Sn) ≥ t) ≤ P(Tr(exp(λSn)) ≥ exp(λt))

≤ E exp(−λt)) exp(Tr(exp(λ(Sn)))
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How about matrices?

• Let Sn =
∑
i

Xi and so

P(∃i ∈ [d ], λi (Sn) ≥ t) ≤ P(Tr(exp(λSn)) ≥ exp(λt))

≤ exp(−λt)ETr(exp(λSn−1 + λXn))

≤ exp(−λt)E
[
Tr
(
exp(λSn−1) exp(λXn)

)]
= exp(−λt)Tr

(
E
[
exp(λSn−1) exp(λXn)

])
= exp(−λt)Tr

(
E
[
exp(λSn−1)

]
E [exp(λXn)]

)
≤ exp(−λt)∥E [exp(λXn)]∥Tr(E [exp(λSn−1)])

≤ d exp(−λt)
n∏

i=1

∥E [exp(λXi )]∥
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How about matrices?

• Let Sn =
∑
i

Xi and so

P(∥Sn∥ ≥ t) ≤ P(∃i ∈ [d ], λi (Sn) ≥ t) + P(∃i ∈ [d ], λi (Sn) ≤ −t)

≤ d exp(−λt)

 n∏
i=1

∥E [exp(λXi )]∥+
n∏

i=1

∥E [exp(−λXi )]∥


• Assume ∥Xi∥ ≤ 1 and ∥E [X2

i ]∥ ≤ B.

• Recall that for x ∈ [−1, 1], exp(x) ≤ 1 + x + x2

• So, for |λ| ≤ 1, exp(λXi ) ⪯ 1 + λXi + λ2X2
i

• ∥E(exp(λXi ))∥ ≤ 1 + λ∥EXi∥+ λ2∥EX2
i ∥
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How about matrices?

• Let Sn =
∑
i

Xi and so

P(∥Sn∥ ≥ t) ≤ d exp(−λt)
n∏

i=1

(∥E [exp(λXi )]∥+ ∥E [exp(−λXi )]∥)

≤ 2d exp(−λt + nBλ2)

• Optimize over λ ∈ [−1, 1], to get:

t = Bnϵ λ =
ϵ

2

P(∥Sn∥ ≥ t) ≤ 2d exp(−nϵ2B/4)

12



Covariance estimation

Theorem

Let ϵ :=

√
4 log(2d/δ)

nB
. Assume ∥Xi∥ ≤ 1 and ∥E [X2

i ]∥ ≤ B. We have:

P
(
∥Sn∥ ≥ 2

√
Bn log(2d/δ)

)
≤ δ

• Consider Y1, . . . ,Yn ∈ Rd . Let ∥Yi∥ ≤ R.

• Let EY1 = 0 and E [Y1Y
T
1 ] = Σ, λ1 = ∥Σ∥

• Let X1 =
Y1Y

T
1 − Σ

R2 + λ1
and

∥E [X2
1 ]∥ =

∥E [(Y1Y
T
1 )2]− Σ2∥

(R2 + λ1)
2

≤ R2λ1
(R2 + λ1)

2
≤ λ1

R2 + λ1
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Covariance estimation

• Let Sn =
∑
i

Xi and Σ̂n =
∑
i

YiYi/n.

• Apply the last theorem. P

(
∥Sn∥ ≥ 2

√
nλ1 log(2d/δ)

λ1 + R2

)
≤ δ.

• Now note that Σ̂n − Σ = (R2 + λ1)Sn.

P

(
∥Σ̂n − Σ∥ ≥ 2

√
λ1(λ1 + R2) log(2d/δ)

n

)
≤ δ
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Matrix Bernstein

Theorem

Let Y1, . . . ,Yn be mean-zero IID random vectors. Assume

∥YiY
T
i − E [YiY

T
i ]∥ ≤ C and ∥E [(YiY

T
i )2]∥ = σ2. We have:

P

∥
∑
i

(YiY
T
i − Σ)∥ ≥ t

 ≤ 2d exp

(
−t2/2

nσ2 + Ct/3

)

• With probability 1− δ, ∥Σ̂n − Σ∥ = 2 ·max

{√
σ2

n
log

d

δ
,
C

n
log

d

δ

}
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Covariance estimation for Gaussians

• X1, . . . ,Xn ∼ N(0, I )

• Let G = {max
i

∥Xi∥ ≤
√
d + c

√
n/δ}

• How do I use the previous result?
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Covariance estimation for Gaussians

• Define the event E :=
{
X : ∥X∥2 ≤ τ

}
, τ := d + 3

√
d log

(
1

δ

)
• Recall the chi-squared tail bound (Lemma 1, Laurent and Massart,

2000) ,

P(∥X∥2 ≥ d +
√
2dt + 2t) ≤ e−t

• Therefore, P (E) ≥ 1− δ. Furthermore, conditioned on the event E,∥∥∥XX⊤ − I
∥∥∥ ≤ τ + 1 ≤ 2τ

• Next, we need to bound
∥∥∥E[XX⊤|E]− I

∥∥∥ and
∥∥∥E[(XX⊤)2|E]

∥∥∥
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Covariance estimation for Gaussians

Note that∥∥∥E[XX⊤|E]− I
∥∥∥ =

∥∥∥E[(XX⊤ − I )|E]
∥∥∥ =

1

P(E)

∥∥∥E[(XX⊤ − I )1(E)]
∥∥∥

∥∥∥E[(XX⊤ − I )1(E)]
∥∥∥ =

∥∥∥E[(XX⊤ − I )1(E∁)]
∥∥∥

= sup
v∈Rd ,∥v∥=1

E[((v⊤X )2 + 1)1(E∁)]

≤ 2 sup
v∈Rd ,∥v∥=1

√
E[(v⊤X )4 + 1]P(E∁)

≤ C
√
δ sup
v∈Rd ,∥v∥=1

E[(v⊤X )2] = C
√
δ(
∥∥∥E[XX⊤]

∥∥∥+ 1)

≤ C
√
δ

The last line follows because for v ∈ Rd , ∥v∥ = 1, (v⊤X ) is a standard

normal random variable and it satisfies E [(vTX )4] ≤ C2E [(vTX )2]2 for

some C ≥ 1.
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Covariance estimation for Gaussians

• Similarly,
∥∥∥E[(XX⊤)2|E]

∥∥∥ =
∥∥∥E[XX⊤ ∥X∥2 |E]

∥∥∥ ≤ τ
∥∥∥E[XX⊤|E]

∥∥∥
• From previous result,

∥∥∥E[XX⊤|E]
∥∥∥ ≤ 1 +

√
δ

1− δ

Putting everything together,

∥∥∥E[XX⊤|E]− I
∥∥∥ ≤

√
3δ

1− δ
,
∥∥∥E[(XX⊤)2|E]

∥∥∥ ≤ τ

(
1 +

√
3δ

1− δ

)
, and∥∥∥XX⊤ − I

∥∥∥ ≤ 2τ, conditioned on E

Now we are ready to apply Matrix-Bernstein.
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Covariance estimation for Gaussians

Let X1,X2, · · ·Xn ∼ N (0, I ) for n ≥ 2. Define τn := d + 3

√
d log

(
n2

δ

)
and events Ei :=

{
∥Xi∥

2
2 ≤ τn

}
. Then, for each Xi , P(Ei ) ≥ 1− δ

n2
.

Let A := ∪i∈[n]Ei . Then, by a union-bound, P (A) ≥ 1− δ/n.

Furthermore, conditioned on A, via Matrix-Bernstein and the calculation

on the previous slide,

∥∥∥Σ̂n − E
[
XX⊤|A

]∥∥∥ ≤ 2 ·max

{√
V2

n
log

d

δ
,
M
n

log
d

δ

}

where, since δ ∈ (0, 1), V2,M ≲ τn.

Finally, we note that
∥∥∥E [XX⊤|A

]
− I
∥∥∥ ≤ 4

√
δ

n2
.
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Frame Title

Putting everything together, with probability atleast 1− δ,

∥∥∥Σ̂n − I
∥∥∥ ≤ max

{√
τn
n

log
d

δ
,
τn
n

log
d

δ

}
+

4

n

where τn := d + 3

√
d log

(
n2

δ

)
.
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