Homework Assignment 6
Due in class, Tuesday March 10

SDS 321 Intro to Probability and Statistics

1. (142+42)A continuous random variable X has PDF

frla) = {c(2—|—x2) for0<z <1

0 otherwise

(a) What is the value of c?
511
f01(2 + 2?)dx = [21} + %ﬂ} = 7/3. So, to ensure the PDF integrates to 1, ¢ = 3/7.
' 0

Take point off for wrong integration
(b) What is the CDF, Fx(x), of X7 Be sure to specify Fx(x) for all values of —oco <

X < oo.
0 <0

Fx(z) =P(X < z) = [§ fx(z)de = { Sz + § 0 <2 <1 Answer should be in 3
1 r>1

parts. Point off for any wrong part.

(c) What is the expectation and variance of X7

15

1 2471
E[X] _3/7/O 2z + a°)da = [:ﬁ + LT =1+ i)3/7 = 33

4]

B[X?] =3/7 % /1372(2 + 2¥)dx = 3/7[2/3+ 1/5] = 3/7(13/15) = g
0
. 13 15 .
var(X) =EIX?] - BIX]? = 12 — (1))

Points off for wrong formula of mean/variance.

2. Based on US population statistics, we can model the height of a randomly selected man
using a normal random variable with mean 69.1 inches and standard deviation 2.9 inches.
We can model the height of a randomly selected woman using a normal random variable
with mean 63.7 inches and standard deviation 2.7 inches.

(a) (14+141+42)Write the probability of a man being between 6’ and 6’2" tall, in terms
of the CDF of the standard normal distribution, ®(z) = P(Z < z) for Z ~ N(0,1).

72 — 69.1
X=6=72'>7=-"_"""—
- 2.9
74 — 69.1
X=62"=74" 5 X = ST 1.69

P(72< X <74)=P(1<Z<169)=P(Z<169)—P(Z<1)=>o(1.69) — (1)

Wrong formula for standardization — point off. Wrong look up — point off.



(b) Using the look-up table for the standard normal table (see attached table) and your
answer from [a], what is the probability of a man being between 6’ and 6’2" tall?

P(72 < X < 74) = ®(1.68) — ®(1) = 0.9545 — 0.8413 = 0.1132

(I haven’t extrapolated between the values of 1.68 and 1.69, but if you did, even
better) Wrong formula for standardization — point off. Wrong look up — point off.

(c) What is the probability of a randomly selected individual being less than 5’6" tall?
You may assume that P(man) = P(woman) = 0.5.

66 — 63.7

P(X < 66|F) = P(Z < — -

) = P(Z < 0.85) = 0.8023

66 — 69.1

P(X < 66|M) =P(Z < —— ¢

) =P(Z < —1.07) = 1-P(Z < 1.07) = 1—0.8557 = 0.1443

P(Z < 66) = P(X < 66/F)P(F)+P(Z < 66/M)P(M) = 0.5x0.8023+0.5x0.1443 = 0.4733

If they use total probability rule—one point.

(d) Given the fact that a randomly selected individual is shorter than 5’5”, what is the
probability that the individual is a man?

P(X < 65|M)P(M) P(X < 65|M)
P(M|X < 65) = =
P(X < 65|M)P(M) +P(X < 65|F)P(F) P(X < 65|M)P(Z < 65|F)
65 — 69.1
P(X < 65|M) =P(Z < — =) = P(Z < ~141) = 1-P(Z < 1.41) = 1-0.9207 = 0.0793
65 — 63.7
0.0793
— P(M|X < 65) = = 0.1038

~0.0793 + 0.6844
Wrong formula/lookup—point off. Wrong Bayes rule point off.

3. (a) Either X or 1 — X is the smaller segment. When X < (1 — X)/4 X <1/5, or when
X > 4/5 the smaller segments are less than 1/4 of the longer. So the answer is 2/5.

(b) P(1-X <t)=P(X >1—t). Whent € [0,1] thisis 1 — (1 —t) = t. It is also 0 when
t <0 and 1 when ¢ > 1. When you differentiate this we get fi_x(t) = 1(¢ € [0,1]).

4. [Exponential distribution] (1+2+1+2) I buy a new laptop. According to the man-
ufacturer, the lifetime, X, of the laptop is a continuous random variable with PDF
fx(x) = 0.5e795% for all x > 0.

(a) What is the probability that the laptop fails during the first year?

1
P(X<1)= / 0.5¢7057 = [~ 057} =1 — 705 = (.393
0

(b) What is the expected lifetime of the laptop?
oo
E[X] = / 0.5ze 2% dy = [—xe 00" — 2e705%)° = —0 — 0 + — + 2 = 2years
Jo

(& — 0 asn — oo, since " grows faster than n) Two points for doing integration
by parts correctly.



(c) 3 years pass, and the laptop is still going strong. What is the conditional PDF of
the total lifetime, given I know the lifetime is at least 3 years?

fx|xs3(z) = P()J;X>3)

P(X>3)=1- fg 0.5e %%dz =1 — [—e 9973 = 715 50

,—0.5z
0.5e - T Z 3

fxixs3(z) = { e

0 otherwise
If we write x = 3 + y, this reduces to

Eo—1.5—0.5y _
OIOBP—1.5 = 0.5¢ 0.5y y > 0

0 otherwise

fyiysoly) = {

(this step isn’t required) Point off for any mistake.

(d) Based on this conditional PDF, how many more years do I expect it to last? From
above, we see the conditional PDF for the number of additional years is the same as
the original PDF, so we expect it to last another 2 years. (Or, doing the integral is
fine). If they do the calculation right give full points. If they do E[X|X > 3] and do
not subtract 3 from it, don’t take off a point, just make a note.
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0.6950
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0.9968
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0.9911
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0.9989

0.5319
0.5714
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0.9951
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0.9767
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0.9974
0.9981
0.9986
0.9990




