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Frequentist Statistics

» The parameter(s) @ is fixed and unknown

» Data is generated through the likelihood function p(X;#9) (if
discrete) or f(X;0) (if continuous).

> Note that this is not a conditional probability like in Bayesian
statistics, simply because 6 is no longer random.

> In Bayesian statistics we were dealing with one probabilistic model.
> Now we will be dealing with multiple candidate models, one for each
value of ¢

> We will use Eg[h(X)] to define the expectation of the random
variable h(X) as a function of parameter ¢



Problems we will look at

> Parameter estimation: We want to estimate unknown parameters
from data.
» Maximum Likelihood estimation (section 9.1): Select the
parameter that makes the observed data most likely.
> i.e. maximize the probability of obtaining the data at hand.



Classical parameter estimation

We are given observations X = (X{,...,Xn). An estimator is a random
variable of the form & = g(X) (sometime also denoted by ©p).

>
>
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Since the distribution of X depends on @, so does the distribution 6n

The mean and variance of &, can be defined as E5[©n] and
vary(©n).

For simplicity we will also use E[.] and var[.] and drop the 6 from the
notation

The estimation error denoted by &, = &, — 0.
Bias of an estimator is given by by(6n) = Ey[6n] — 6
An Unbiased estimator is one for which E[6p] = 6

An asymptotically unbiased estimator is one for which
lim E[6n] =6
n—00



Bias Variance decomposition

> An estimator is a random quantity whose distribution depends on 6.
One can have many estimators for the same parameter.

> A better estimator is one whose MSE (mean square error) is smaller.

> It can be shown that E[(d — 0)2] = bg(é)2 + var(d). This is the
famous bias-variance decomposition. Can we derive it?



Bias Variance decomposition

> An estimator is a random quantity whose distribution depends on 6.
One can have many estimators for the same parameter.

> A better estimator is one whose MSE (mean square error) is smaller.

> It can be shown that E[(d — 0)2] = bg(é)2 + var(d). This is the
famous bias-variance decomposition. Can we derive it?

E[(0 - 0)*) = E[(0 - E[0) + E[0] - 01)*] = E[((0 — E[0]) + (E[0] - 0))°]
> = E[(0— E)’]+ (E[0] - 0)> +2E[(8 — E[))(E[0] - 0)]

varg(9) squared bias 0
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> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xy, ..., Xn drawn from a N(u,o2) distribution.



Bias variance decomposition

> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xi,..., Xn drawn from a N(u,o2) distribution.

> A reasonable choice is X = X;/n.

]



Bias variance decomposition

> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xi,..., Xn drawn from a N(u,o2) distribution.
> A reasonable choice is X = X;/n.

1
» Another estimator is to always use 0, no matter what the data is.



Bias variance decomposition

> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xi,..., Xn drawn from a N(u,o2) distribution.

> A reasonable choice is X = X;/n.
i
> Another estimator is to always use 0, no matter what the data is.
2 2
> MSE(X) = var(X) + b(X)? = ”7 T (E[X] - p)? = (’7



Bias variance decomposition

> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xi,..., Xn drawn from a N(u,o2) distribution.
> A reasonable choice is X = X;/n.

]

> Another estimator is to always use 0, no matter what the data is.
2 2

> MSE(X) = var(X) + b(X)? = ”7 T (E[X] - p)? = (’7

> MSE(0) = var(0) + b(0)? = 0 + 12



Bias variance decomposition

> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xi,..., Xn drawn from a N(u,o2) distribution.
> A reasonable choice is X = X;/n.

1
Another estimator is to always use 0, no matter what the data is.
2 2

v

> MSE(X) = var(X) + b(X)? = ”7 T (E[X] - p)? = ”7
> MSE(0) = var(0) + b(0)? = 0 + 12
» If n =0, this is a great predictor, but otherwise its pretty crappy.



Bias variance decomposition

> Lets say we want to estimate the mean of a normal distribution from
n iid random variables Xi,..., Xn drawn from a N(u,o2) distribution.

> A reasonable choice is X = X;/n.

1
> Another estimator is to always use 0, no matter what the data is.
2 2
> MSE(X) = var(X) + b(X)? = ”7 T (E[X] - p)? = ”7
> MSE(0) = var(0) + b(0)? = 0 + 12
» If n =0, this is a great predictor, but otherwise its pretty crappy.
> We want an estimator which works well for all values of p.
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Maximum Likelihood Estimation

Lets start with an example.

>

>
>
>

You have a n i.i.d. bernoulli random variables X; ~ Bernoulli(p).

Find the Maximum Likelihood Estimate of p

First write the likelihood of r.v i conveniently as P(X;; p) = p™i (1 — p)t =i
Now note that the r.v's are all independent and so

n
X; 1-X;
P(X1,.., Xnip) = [[ P71 = p) 7

Its often more convenient to maximizes the logarithm of a product form.
log P(Xq,...,Xn:p) = Z log P(X;; p)

—Zlog( (1-p)t” ):ZXilogp+Z(1—X;)|0g(1—p)
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Lets start with an example.

» You have a n i.i.d. bernoulli random variables X; ~ Bernoulli(p).

» Find the Maximum Likelihood Estimate of p

> First write the likelihood of r.v i conveniently as P(X;; p) = p*i (1 — p)* =i
» Now note that the r.v's are all independent and so

n
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Maximum Likelihood Estimation
Lets start with an example.
» You have a n i.i.d. bernoulli random variables X; ~ Bernoulli(p).
» Find the Maximum Likelihood Estimate of p
> First write the likelihood of r.v i conveniently as P(X;; p) = p*i (1 — p)* =i
» Now note that the r.v's are all independent and so

n

X; 1-X;

P(X1,.... Xnip) = [[ P i(1—p)" 7
i=1
> |ts often more convenient to maximizes the logarithm of a product form.

log P(X1,...,Xn;p) = > _ log P(X;; p)

i
=> log (px"(l - p)l_X"> = Xjlogp+ > (1—X;)log(1 - p)

i i i

» p=arg mﬁxlog P(X1,...,Xn;p)

LiXi =X g 5o

p 1-p n




Maximum Likelihood Estimation

> Find the 0 that maximizes the joint likelihood p(Xy, ..., Xn;0) (of
the joint pdf for continuous random variables).

> We have P(X;;0) for random variable X;
> Often X; are independent and so P(Xq,..., Xn;0) = [ [ P(X;:0)
i

> \We want to calculate the Maximum Likelihood Estimate 6
> First calculate P(Xy, ..., Xn;0) = [ [ P(X;:0)
i

» Now calculate the logarithm. log P(X1,...,Xn;0) = ZIOg P(X;: 0)
i

> Now take a derivative and set it to zero. % > " log P(X;;0) =0 and
i

solve for 6



MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,az) distribution. | know o2 but
not pu. Whats the MLE of p7?

» Notation: X = (Xq,...,Xn) and x = (x1,...,xn).

1 _ (leg)2
> First write fx(x;u,0) = e 20
V2ra?

» Now write the joint PDF fy(x; u,0) = H fXI,(XI';/,L,O')
i
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MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,a2) distribution. | know o2 but
not pu. Whats the MLE of p7?

» Notation: X = (Xq,...,Xn) and x = (x1,...,xn).

R =D
> First write fy(x;p,0) = e 20
X Varo?
» Now write the joint PDF fx(x; 1, 0 HfX Xji hy 0)

v

Now take the logarithm of the joint I|ke||hood.

L2
o8 (s .7 = —log(v/2m2) — 37 0

v

Derive w.r.t 1 and set to zero to solve for j.

_2ili=m)
o2



MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,a2) distribution. | know o2 but
not pu. Whats the MLE of p7?

» Notation: X = (Xq,...,Xn) and x = (xg,...,xn).

R =D
> First write fx(x;p,0) = e 20
X Varo?
> Now write the joint PDF fx(x; u, o HfX Xji hy 0)

» Now take the logarithm of the joint I|ke||hood.

L2
o8 (s .7 = —log(v/2m2) — 37 0

) (i —

» Derive w.r.t 1 and set to zero to solve for j. _Lzﬂ) =
g

» Derive w.r.t 1 and set to zero to solve for j.

P X;

Zx;fnﬂ:Oﬁﬂ:Z#

i



MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,az) distribution. | know o2 but
not pu. Whats the MLE of p7?

» Notation: X = (Xq,...,Xn) and x = (x1,...,xn).

1 _ (leg)2
> First write fx(x;u,0) = e 20
V2ra?

» Now write the joint PDF fy(x; u,0) = H fXI,(XI';/,L,O')
i

» Now take the logarithm of the joint likelihood.

L2
log fx (x; u, o) = — lo, 2102) — M
8 flin7) = —log(V2nr?) = 3 B
] (i —
» Derive w.r.t 1 and set to zero to solve for ji. —Lﬂ =0
ag
» Derive w.r.t 4 and set to zero to solve for fi.

P Xi

Zx,-fnﬁzoﬁﬂ:%

1

» The MLE is just the sample mean, which is often denoted by X



MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(,u,az) distribution. | do not know
o2 or . Whats the MLE of x and o2?



MLE estimate of mean of Gaussian r.v.’s
| have n iid random variables from a N(u,az) distribution. | do not know
o2 or . Whats the MLE of x and o2?
» We start with taking the logarithm of the joint likelihood.
L2
log fx (x; p, o) = — log(V2m02) — Z GG =m)”

- 202
I
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MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,az) distribution. | do not know
o2 or . Whats the MLE of x and o2?

» We start with taking the logarithm of the joint likelihood.

2
log fx (x; i, o) = — log(V 2m02) Z Tu)
i

. . X;
» First derive w.r.t u and set to zero to solve for ji. DY ( ’ —~) =0

» Next derive w.r.t o and set to zero to solve for &.

2
1 (x; — nu)
JE— 27’ =0
o * Z 253
1



MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,oz) distribution. | do not know
o2 or . Whats the MLE of x and o2?
> We start with taking the logarithm of the joint likelihood.

2
log fx (x; i, o) = — log(V 2m02) Z Tu)
' ICET)

» First derive w.r.t 1 and set to zero to solve for ji. =0

» Next derive w.r.t o %nd set to zero to solve for 6.
1 (x; — nu)
R 27’ = O
o + Z 203
1
» Now you have two equations and two unknowns!

Z(X, 1)

O'

1 (i —w)?
U+Z_ 3
1

=0



MLE estimate of mean of Gaussian r.v.'s

| have n iid random variables from a N(u,oz) distribution. | do not know
o2 or . Whats the MLE of x and o2?
> We start with taking the logarithm of the joint likelihood.

2
log fx (x; i, o) = — log(V 2m02) Z Tu)
' ICET)

» First derive w.r.t 1 and set to zero to solve for ji. =0

» Next derive w.r.t o %nd set to zero to solve for 6.
1 (x; — nu)
R 27’ = O
o + Z 203
1
» Now you have two equations and two unknowns!

Zili =) _

O'
2
1 (xi —m)* _
Py Z 3
1
> Solving we see:

(x: — %)2
f=Y =z o?= 2l ZA
i

n



Estimating the parameter of the Exponential

n customers arrive at a mall at times Y;. We take Yy = 0. The inter
arrival times are X; = Y; — Y;_1 are often modeled as i.i.d Exponential(})
r.v's. We want to the MLE of .

First write fx.(xj; A) = Ae i

v

> Now write the joint likelihood fy (x; A) = [T Ae ™ = A" [ e~
i i

> Now take logarithm of the joint likelihood.
log fx(x; A) = nlog A — )\Zx,-.
i
» Differentiate and set to zero to get the MLE.

1 Q 1
ns — Xi=0=2 A= —=——.
A Zi:’ 2ixi/n



Estimating the lower limit of the Uniform

| have n independent Uniform([a, 1]) random variables. Whats the MLE
of a7 Although most time taking the log helps, sometimes its easier to
work with the joint likelihood directly.

_1fa<X<1)

BCED)

> First write f(X;; a)



Estimating the lower limit of the Uniform

| have n independent Uniform([a, 1]) random variables. Whats the MLE
of a7 Although most time taking the log helps, sometimes its easier to
work with the joint likelihood directly.

. . < X; <
» First write f(X;;a) = %
1 n
> Now write f(Xl,X2,...Xn;a):(1_a)n Ha< X; <1} =
i=1

1{a < min(X7,Xp,...) <1}
(1-a)"
» How do | maximize this? Well, 4 has to be less than
min(X1, ..., Xn), otherwise the likelihood will be zero.




Estimating the lower limit of the Uniform

| have n independent Uniform([a, 1]) random variables. Whats the MLE
of a7 Although most time taking the log helps, sometimes its easier to
work with the joint likelihood directly.

_1fa<X<1)

(19

> Now write (X1, Xp,...Xn;a) =

> First write f(X;; a)

1
(1—2a)"

n
1{3 S X,' S 1} =
i=1

1{a < min(X7,Xp,...) <1}
(1-a)"
» How do | maximize this? Well, 4 has to be less than
min(X1, ..., Xn), otherwise the likelihood will be zero.

> For all 4 < min(Xq,...,Xn), what maximizes 1/(1 — 4)"?




Estimating the lower limit of the Uniform

| have n independent Uniform([a, 1]) random variables. Whats the MLE
of a7 Although most time taking the log helps, sometimes its easier to
work with the joint likelihood directly.

. . < X; <
» First write f(X;;a) = HosXis1}
(1-a)
1 n
> Now write f(X1,Xp,...Xn;a) = a—ay Ha< X; <1} =
i=1
1{a < min(Xy, Xp,...) <1}
(1—a)"
» How do | maximize this? Well, 4 has to be less than
min(X1, ..., Xn), otherwise the likelihood will be zero.
> For all 4 < min(Xq,...,Xn), what maximizes 1/(1 — 4)"?
» For all 3 < min(Xy,...,Xn), what is the largest 47 (larger 4 smaller

1/(1-35)".



Estimating the lower limit of the Uniform

| have n independent Uniform([a, 1]) random variables. Whats the MLE
of a7 Although most time taking the log helps, sometimes its easier to
work with the joint likelihood directly.

. . < X; <
» First write f(X;;a) = HosXis1}
(1-a)
1 n
> Now write f(X1,Xp,...Xn;a) = a—ay Ha< X; <1} =
i=1
1{a < min(Xy, Xp,...) <1}
(1—a)"
» How do | maximize this? Well, 4 has to be less than
min(X1, ..., Xn), otherwise the likelihood will be zero.
> For all 4 < min(Xq,...,Xn), what maximizes 1/(1 — 4)"?
» For all 3 < min(Xy,...,Xn), what is the largest 47 (larger 4 smaller
1/(1-35)".

> 4=min(Xq,...,Xn)!



Desirable properties of the MLE

» Invariance principle: For a one-to-one function h of 0, the MLE of
& = h(6) should be given by £ = h(d)

» Unbiased: we want E[§] = 6, i.e. the bias by(d) = 0.

> If not Unbiased, the estimator should be at least asymptotically
unbiased, i.e. lim by(d) =0

» Consistency: As n — oo, f converges to 6



Invariance principle
For a one-to-one function h of 9, the MLE of ¢ = h(6) should be given by
€ = h(0). We worked with an exponential distribution before. Lets look at another
parametrization of it. We have iid r.v's Xq,..., Xn from the Exponential
distribution.
> First write fx; (x;s A) = Xe ™
i, (xi:0) = 1/0e™%i/?

AXi But another parametrization of this is:

» We want MLE of 6. If the MLE obeys the invariance principle, then we
should have: § =1/ since # = 1/X is a one-to-one function.



Invariance principle
For a one-to-one function h of 9, the MLE of ¢ = h(6) should be given by
€ = h(0). We worked with an exponential distribution before. Lets look at another
parametrization of it. We have iid r.v's Xq,..., Xn from the Exponential
distribution.
> First write fx; (x;;\) = Ae . But another parametrization of this is:

i, (xi:0) = 1/0e™%i/?

» We want MLE of 6. If the MLE obeys the invariance principle, then we
should have: § =1/ since # = 1/X is a one-to-one function.

> Now write the joint likelihood fy (x;0) = [[ 1/0e /% = o=" ] e~/

1 1



Invariance principle
For a one-to-one function h of 9, the MLE of ¢ = h(6) should be given by
€ = h(0). We worked with an exponential distribution before. Lets look at another
parametrization of it. We have iid r.v's Xq,..., Xn from the Exponential
distribution.
> First write fx; (x;s A) = Xe
i, (xi:0) = 1/0e™%i/?

~AXi_ But another parametrization of this is:

» We want MLE of 6. If the MLE obeys the invariance principle, then we
should have: § =1/ since # = 1/X is a one-to-one function.

> Now write the joint likelihood fy (x;0) = [[ 1/0e /% = o=" ] e~/

1 1

> Now take logarithm of the joint likelihood. log fx(x;0) = —nlog6 — Zx,-/O.
i



Invariance principle
For a one-to-one function h of 9, the MLE of ¢ = h(6) should be given by
€ = h(0). We worked with an exponential distribution before. Lets look at another
parametrization of it. We have iid r.v's Xq,..., Xn from the Exponential
distribution.
> First write fx; (x;s A) = Xe
i, (xi:0) = 1/0e™%i/?

~AXi_ But another parametrization of this is:

» We want MLE of 6. If the MLE obeys the invariance principle, then we
should have: § =1/ since # = 1/X is a one-to-one function.

> Now write the joint likelihood fy (x;0) = [[ 1/0e /% = o=" ] e~/
i i

> Now take logarithm of the joint likelihood. log fx(x;0) = —nlog6 — Zx,-/O.

> Differentiate and set to zero to get the MLE.
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Invariance principle
For a one-to-one function h of 9, the MLE of ¢ = h(6) should be given by
€ = h(0). We worked with an exponential distribution before. Lets look at another

parametrization of it. We have iid r.v's Xq,..., Xn from the Exponential
distribution.
> First write fx, (xii A) = Xe ™. But another parametrization of this is:

i, (xi:0) = 1/0e™%i/?

We want MLE of 6. If the MLE obeys the invariance principle, then we
should have: § =1/ since # = 1/X is a one-to-one function.

Now write the joint likelihood fx (x; 0) = [[ 1/6e i/ = 0" ] e~i/*

i i

Now take logarithm of the joint likelihood. log fx(x;0) = —nlog6 — Zx,-/Q.

Differentiate and set to zero to get the MLE.

Z/ i ) Y
n7+ =0—0= x;/n=1/\.
3 E; i/ /

It can be shown that the MLE follows the invariance principle.



Unbiased and asymptotically unbiased estimators

Recall that the MLE estimate of y obtained using n iid random variables

from a N(,u,c72) distribution are given by: i = %

» Using linearity of expectation E[i] = pu. So this MLE of p is
unbiased.

» How about the Bayesian MAP estimate? For a prior of N(,uo,ag) on
1, we saw that

— Xi ., Mo n 1
A = (Zfag)/(ama)
1



Unbiased and asymptotically unbiased estimators

Recall that the MLE estimate of y obtained using n iid random variables

from a N(,u,c72) distribution are given by: i = %

» Using linearity of expectation E[i] = pu. So this MLE of p is
unbiased.

» How about the Bayesian MAP estimate? For a prior of N(,uo,ag) on
1, we saw that

— Xi ., Mo n 1
A = (Zfas)/(ama)
1
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. So this is biased.
"/U2+1/08 # . So this is biase

> Elumapl =



Unbiased and asymptotically unbiased estimators

Recall that the MLE estimate of y obtained using n iid random variables

from a N(,u,c72) distribution are given by: i = ¥

» Using linearity of expectation E[i] = pu. So this MLE of p is
unbiased.

» How about the Bayesian MAP estimate? For a prior of N(,uo,ag) on
1, we saw that

— Xi ., Mo n 1
A = (Zfag)/(ama)
1

2 2
np/oc + ug/og N
> E = ————">2 2 p. So this is biased.
[1maP] nje? 4 1/02 #
p+ pg/og x a®/n
1+ 1/0(2] x a2/n
asymptotically unbiased

> But E[upap] = — i as n— oo So it is



Unbiased and asymptotically unbiased estimators

Recall that the MLE of o2 obtained using n iid random variables from a
N(p,az) distribution are given by:

o = —— ag =
n

n  Dilxi — %) 2 > (x; — )

This is also the sample variance. Is it unbiased?



Unbiased and asymptotically unbiased estimators

Recall that the MLE of o2 obtained using n iid random variables from a
N(u,az) distribution are given by:

(o

n

5 _ N —% 2 3 Co =)’

This is also the sample variance. Is it unbiased?
» First note that ) )
DAL JLEL s
n o n

i i

2
X.
=" ox? 4 &
- n
1

2
:Z%_>—<2
1



Unbiased and asymptotically unbiased estimators

= E[X{] - E[X?]

> E [E (xi ;>‘<)2




Unbiased and asymptotically unbiased estimators

> E [Z (X'nX)2] — EIX?] - E[X?]

2
> E[X2] =02 + 12 and E[X?] = var(X) + E[X]? = 07 + 2
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Unbiased and asymptotically unbiased estimators

> E [Z (anx)zl — EIX?] - E[X?]

2
> E[X2] =02 + 12 and E[X?] = var(X) + E[X]? = % + 2

> And so, E[6%] = 0% — 0°/n=0?(1 - 1/n)

» So the MLE of the variance is not unbiased. However it is
asymptotically unbiased!



Unbiased and asymptotically unbiased estimators

v

E [Z b4 = %) n*)zl = E[X{] - E[X?]

2
> E[X2] =02 + 12 and E[X?] = var(X) + E[X]? = % + 2

> And so, E[6%] = 0% — 0°/n=0?(1 - 1/n)

» So the MLE of the variance is not unbiased. However it is
asymptotically unbiased!

» Also you can have another estimator Z(x,- — >‘<)2/(n — 1), which is

1

not the MLE, but it is unbiased.



