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Roadmap

» Two random variables: joint distributions

» Derived distributions

» Linear functions
» Monotonic functions



Functions of random variables

» |f X is a random variable, we know that for any function g,
Y = g(X) is also a random variable.

» Each outcome in our sample space still maps to a number.

» For example let X ~ Binomial(5,0.5), i.e. px(k) = (i) 0.5%.

» What is the PMF of ¥ = x2?



Functions of random variables

» |f X is a random variable, we know that for any function g,
Y = g(X) is also a random variable.

» Each outcome in our sample space still maps to a number.

» For example let X ~ Binomial(5,0.5), i.e. px(k) = (i) 0.5%.

» What is the PMF of ¥ = x2?

> py(y)=P(X° =y)=P(X = \y) = (}) 0.5°



Functions of random variables

v

If X is a random variable, we know that for any function g,
Y = g(X) is also a random variable.

» Each outcome in our sample space still maps to a number.

v

For example let X ~ Binomial(5,0.5), i.e. px(k) = (i) 0.5°.

> What is the PMF of ¥ = x??
2 5 5
> =PX =y)=P(X= = 0.5
py(y) = P( y)=P(X=VYy) (W)
> But (—\ﬁ)2 =y too, why didn't we take that into account?



Functions of random variables

» For continuous random variables, it's a bit harder.
» Easier to think about P(g(X) <y)... i.e. the CDF of Y.
» We can then differentiate Fy(y) to get the PDF of y.



Functions of continuous random variables: Example

» What is the PDF of the area of a circle, if the radius is a uniform
random variable on [0,1]?

» If X is the radius, we know that the area Y = X2

» We know that
1 0<x<1
fx(X)={

0 otherwise



Functions of continuous random variables: Example

» What is the PDF of the area of a circle, if the radius is a uniform
random variable on [0,1]?

» If X is the radius, we know that the area Y = X2

» We know that
1 0<x<1
fx(X)={

0 otherwise

» We can calculate the CDF of Y:

Fy(y) =P(xX? < y)

:/ fx (x)dx
x|mx2<y



Functions of continuous random variables: Example

» What is the PDF of the area of a circle, if the radius is a uniform
random variable on [0,1]?

» If X is the radius, we know that the area Y = X2

» We know that
1 0<x<1
fx(X)={

0 otherwise

» We can calculate the CDF of Y:

2
Fy(y) =P(rX* <)
:/ fx (x)dx
x|mx2<y
> fx(x) is only positive for 0 < x < 1, corresponding to 0 < y < . So,

0 y <0

Fy(y) = /O\/mfx(x)dxz\/z 0<y<m

1 y>m



Functions of continuous random variables: Example

» From the previous slide:

0 y <0
Vy/m
1 y>m

» We can differentiate to get

0 y <0
v =14 (V1) =35 0<ren
y ™ ym



Try it yourself: linear function of continuous random
variables

> Let X be a random variable with PDF fx(x), and let Y =2X +3
» Then the CDF of Y is given by:
y—3
Fy(y)=P(2X+3<y)= P<X§ T)
_ y—3
- (57)

» Differentiating, we get:

_arv)  Fx(7)
T ody dy

fy (v)



Try it yourself: linear function of continuous random
variables

> Let X be a random variable with PDF fx(x), and let Y = —2X + 3
» Then the CDF of Y is given by:

Fy(y)=P(-2X+3<y) = P(x > 37)/)

2

» Differentiating, we get:

fyly )—dFYy( b_- degjzy)

-2 ()




Functions of continuous random variables

> Let X be a random variable with PDF fx(x), and let Y = aX + b
>




Linear functions of continuous random variables

» So, for any continuous random variable X, if Y = aX + b, then

Fr(y) = ifix (y_ b)

al a

> Let's consider a normal random variable... X ~ N(0,1), then what is
the distribution of Y = aX + b?



Linear functions of continuous random variables

» So, for any continuous random variable X, if Y = aX + b, then

Fr(y) = ifix (y; b)

al

> Let's consider a normal random variable... X ~ N(0,1), then what is
the distribution of Y = aX + b?

» We know that

() = %



Linear functions of continuous random variables

» So, for any continuous random variable X, if Y = aX + b, then

Fr(y) = ifix (y_ b)

al a

> Let's consider a normal random variable... X ~ N(0,1), then what is
the distribution of Y = aX + b?

» We know that . )
() = —me </
2

ﬁ

» So,

v =i (U50) = el (45 ")2/2}

_ 1 (y-b)?
—\/273|exp< 2a2 )




Linear functions of continuous random variables

» So, for any continuous random variable X, if Y = aX + b, then

Fr(y) = ifix (y_ b)

al a

> Let's consider a normal random variable... X ~ N(0,1), then what is
the distribution of Y = aX + b?

» We know that . )
() = —me </
2

ﬁ

» So,

v =i (U50) = el (45 ")2/2}

_ 1 (y-b)?
—\/273|exp< 2a2 )

» This is just the PDF of a normal distribution with mean b and
variance a°!

> In fact, if X ~ N(u,o2), then Y = aX + b ~ N(ap + b, a°0?).



